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ABSTRACT 

Using a Kaluza-Klein reduction of tlie fermionic part of tlie D-brane action we com- 
pute D- and F-terms of the M = 1 effective action for generic Calabi-Yau orientifold 
compactifications in the presence of a space-time filhng D7-brane. We include non-trivial 
background fluxes for the D7-brane U{1) field strength on the internal four-cycle wrapped 
by the brane. First the four- dimensional fermionic spectrum arising from the D7-brane 
is derived and then the D- and F-terms are obtained by computing appropriate couplings 
of these fermionic fields. For specific examples we examine the resulting flux-induced 
scalar potentials and comment on their relevance in string cosmology. 
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1 Introduction 



Traditionally the contact of string theory with particle physics focused on the low energy 
limit of the heterotic string. In recent years type II string compactifications with a stack of 
space-time filling D-branes have been discussed as possible alternatives jT] . In these mod- 
els the Standard Model or more generally the matter sector together with a non-Abelian 
gauge group arises as the massless excitations of the D-branes. The current paradigm of 
particle phenomenology prefers an = 1 supersymmetric matter sector spontaneously 
broken at low energies. In D-brane models this can be arranged by compactifying on 
six-dimensional Calabi-Yau orientifolds which leave an A/" = 1 supersymmetry unbroken 
[21 IHl HI HI ■ This J\f = 1 can be broken spontaneously by additionally turning on back- 
ground fluxes in the orientifold bulk [QIZllHlinillDllIIllIllIllIlllISlEl- The couplings of 
the bulk moduli to the D-brane matter fields communicate the breaking of supersymme- 
try to the standard model sector and soft supersymmetry breaking terms are generated 

[inilI7llIHlliai2nil2Ill22ll21l21|- 

Bulk background fluxes do not only provide for a mechanism to break supersymmetry 
but also stabilize neutral moduli fields [71 [TTl [T21 123 120] • However, generically not all 
flat directions of the moduli are lifted by background fluxes. The remaining moduli can 
be fixed, for example, by non-perturbative contributions to the superpotential such as 
gaugino condensation on a stack of hidden sector D7-branes or by Euclidean D3-brane 
instantons [23 |2Hl 121 ISOl • 

Recently space-time filling D-branes have also been introduced as ingredients in string 
cosmology [31] • In particular D3-branes and anti-D3-branes in type IIB Calabi-Yau com- 
pactifications can lead to (metastable) deSitter vacua [2Z|. The simultaneous inclusion 
of branes and anti-branes breaks supersymmetry explicitly. Alternatively it has been 
suggested in ref. [32] to replace the anti-D3-branes by D7-branes with internal back- 
ground fluxes which break supersymmetry spontaneously. These background fluxes are 
also meant to provide for the positive energy needed for (metastable) deSitter vacua. 

Various aspects of the low energy effective action for space-time filling D7-branes 
which wrap a four-cycle of the internal Calabi-Yau orientifold have been derived in 
refs. 1^ 1221 IHS 121] ■ In particular in ref. [31] we employed a Kaluza-Klein analy- 
sis of the eight-dimensional D7-brane worldvolume action coupled to the ten-dimensional 
type IIB bulk supergravity action to compute the Kahler potential and the gauge kinetic 
function of the four- dimensional A/" = 1 supergravity in the large volume limit. Further- 
more non-trivial two-form fluxes of the internal gauge field on the wrapped four-cycle 
were turned on. However, in we restricted our attention to a specific class of fluxes 
whose dual two-cycles are also non-trivial two-cycles in the ambient Calabi-Yau orien- 
tifold. Using a supergravity analysis we showed that this subclass of fluxes contributes 
to a D-term potential in the effective action in agreement with the general arguments of 
ref. [33] • However, at the minimum of the potential this D-term always vanishes leaving 
a Minkowskian ground state. 

In this paper we extend our previous analysis in two respects. We consider all possible 
two-form fluxes of the internal gauge field including fluxes whose dual two-cycles are non- 
trivial on the four-cycle but trivial in the ambient Calabi-Yau orientifold. In addition we 
compute both D- and F-terms induced by the fluxes. 
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In 1^3] the D-term was computed somewhat indirectly by first determining the Kilhng 
vector of the gauged isometry and then infering the D-term using standard supergravity 
relations. The same method can be applied to the more general fluxes considered in 
this paper. However, the superpotential cannot be obtained in this way and one has to 
employ other methods. One possibility is the computation of the scalar potential and 
then with the help of the supergravity relations determine simultaneously the F-term 
and the D-term. However, for the case at hand this method is difficult to implement due 
to the fact that the D- and F-terms enter in the scalar potential quadratically. A second 
possibility is to compute appropriate fermionic couplings which determine the D- and F- 
terms directly. We find that this is a powerful and convenient way to compute couplings in 
the low energy effective theory which results in generic expressions for the D- and F-terms 
in terms of worldvolume integrals depending on the non-trivial fluxes. For D3-branes this 
method was pioneered in ref. ^Hl while for D7-branes the corresponding computation has 
not been spelled out in the literature and therefore we spend a considerable amount of 
time going through the details of the calculation. 

Our analysis confirms the results of [33] that fluxes which are non-trivial in the ambi- 
ent Calabi-Yau manifold amount to a shift in the D-term which can always be absorbed 
into a redefinition of a scalar field. Therefore one always finds a supersymmetric vacuum 
in this case. On the other hand fluxes which are not inherited from the Calabi-Yau 
generically induce a linear superpotential for the D7-brane matter fields. This superpo- 
tential can also be understood from the reduction of a holomorphic Chern-Simons term 
|36| 1^ IHSl I24j . In special cases these fluxes can also generate an additional contribution 
to the D-term as has recently been observed in ref. |^.^ In this case the existence of 
a stable supersymmetric vacuum depends on topological properties of the Calabi-Yau 
orientifold. Thus constructing a metastable minimum with spontaneous supersymmetry 
breaking induced by a D-term as suggested in [32] is in principle possible but requires 
a considerable amount of engineering and also requires non-perturbative contributions 
to the effective potential. However, throughout this paper we work at leading order in 
a' . That is to say perturbative string corrections as in refs. [HI 13^] are not taken into 
account. 

The paper is organized as follows. In section |21 we discuss the bosonic part of the 
low energy effective action of Calabi-Yau orientifolds with a space-time filling D7-brane. 
In order to set the stage for the forthcoming analysis we first summarize in section I7!T] 
the results of ref. [33] ■ In section IT^ we turn on the D7-brane background fluxes and 
show how they affect the definition of the Kahler variables and the Kahler potential. 
We compute the D-term from a supergravity analysis and discuss the resulting scalar 
potential. We observe that for specific fluxes the f/(l) gauge theory becomes anomalous. 
This can occur when the D7-brane intersects its orientifold image and we briefly analyze 
the anomaly flow at the intersection [^ HT] . 

We then turn to the computation of the D- and F-terms via appropriate fermionic 
couplings in section |3j In section ITT] the superspace extension of the Dirac-Born-Infeld 
and the Chern-Simons action for the space-time filling D7-brane following [^ |33] is re- 
viewed. In particular we discuss how the fermionic brane degrees of freedom are encoded 
into the superspace D7-brane action. This in turn allows us to determine in section (3121 
the massless four- dimensional fermionic spectrum which completes the vector and chiral 

^We thank the authors of ref. [23] for communicating their resuhs prior to publication. 
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multiplets whose bosonic components were introduced in I2.ll In section 13.31 we briefly 
review the fermionic part of the M = 1 supergravity action and identify the gravitino 
couphngs which determine the D- and F-terms. However, as a first step it is necessary to 
compute their kinetic terms, which enables us to adjust the normalization of the fermionic 
D-brane excitations with the supergravity normalization. Section 13.51 contains our main 
result in that we compute certain fermionic couplings and determine a generic expression 
for the D-term and the superpotential in terms of D7-brane worldvolume integrals de- 
pending on the fluxes. Finally in section ITBl we argue that the derived superpotential can 
also be obtained by dimensional reduction from the holomorphic Chern-Simons action. 

In section 0] we examine two instructive examples in more detail and determine the 
structure of their flux-induced scalar potentials. We comment on the relevance of these 
models for cosmological applications along the lines of refs. j^Z] • In section 14.11 the 
first model with one geometric bulk modulus parametrizing the volume of the internal 
Calabi-Yau orientifold is considered. The second example in section 1^?^ is closely related 
to toroidal compactifications [221 1^ 121] • 

Section El contains our conclusions and notation and some of the technical details are 
assembled in two appendices. In appendix ^ we give the bosonic low energy effective 
action for the Calabi-Yau orientifold compactification with a D7-brane as derived in 
[23] and our conventions for the fermionic fields and their Dirac gamma matrices are 
summarized in appendix iBl 

2 Bosonic action for D7-branes in A/^ = 1 Calabi-Yau 
orientifolds 

In order to set the stage we briefly summarize in section 12.11 the results of ref. [21| and 
recall the low energy effective description of Calabi-Yau orientifold compactifications with 
space-time filling D7-branes. Specifically we review the bosonic spectrum, the Kahler 
variables and the Kahler potential for the resulting supergravity theory. In section 12.21 
we introduce D7-brane background fluxes and derive the change in the complex structure 
of the target space Kahler manifold. 

2.1 Calabi-Yau orientifold compactifications with D7-branes 

The starting point is type IIB string theory compactified on a Calabi-Yau orientifold. To 
be specific the ten-dimensional space-time background M^'^ is taken to be the product 

M^'^ = R^'^ X r/O , (2.1) 

where the internal Calabi-Yau orientifold Y/O is a. compact Calabi-Yau manifold Y 
moded out by a discrete involutive symmetry O. The corresponding metric takes the 
form 

ds?o = dxMx^ + 2 g,j{y) dy'dy^ , (2.2) 

where 7]^jj is the metric of the four- dimensional Minkowski space and gij{y) is the met- 
ric of the internal Calabi-Yau manifold Y In the presence of A/" = 1 supersymmet- 

■^The hat " denotes quantities in the string frame. 
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Table 2.1: Cohomology basis 



ric space-time filling D7-branes consistency requires to also introduce space-time filling 
03/07-planes preserving the same supercharge. This in turn determines the orientifold 
projection C to be UHl El El 

O = {-if^Qpa* , = 1 , (2.3) 

where Fl is the fermion number for the left-movers and Qp is the world-sheet parity 
operator, a is an isometric, holomorphic involution on the Calabi-Yau manifold Y with 
03/07 planes as its fixed point locus. Furthermore, it acts via puUback on the type IIB 
fields and satisfies the additional property [3 E] 

(x*Q = -Q , = 1 , (2.4) 

where Q denotes the unique (3, 0)-form of the Calabi-Yau manifold Y. 

Before we continue let us discuss the validity of our ansatz (j2.H) . For Calabi-Yau 
compactifications with localized sources such as orientifold planes and/or D-branes one 
really has to make a warped ansatz for the metric and include a dilaton gradient in order 
to capture the back- reaction to geometry ^21 EI- However, if the D-brane tension is 
cancled locally by the negative tension of orientifold planes, that is to say if D-branes 
are on top of the orientifold planes, there is no backreaction to geometry. Therefore in 
the following we perform the analysis in the regime, where the internal space is large 
such that the warp factor becomes constant and where the separation of the D-brane 
from the orientifold planes is small enough such that the dilaton gradient is small. In 
this regime the back-reaction should be viewed as a perturbation to the product ansatz, 
which generates in the effective action scalar potential terms. It would be interesting to 
study the potentials arising from this backreaction, which, however, is beyond the scope 
of this paper. 

The massless fields of the orientifold Calabi-Yau compactification are obtained by 
performing a Kaluza-Klein reduction of the ten-dimensional supergravity spectrum keep- 
ing only zero modes which are invariant under the orientifold projection ()2.3|) . Such 
zero modes are in one-to-one correspondence with harmonic forms of the Calabi-Yau 
manifold Y and thus determined by the cohomology groups H^^'''\y). Due to the holo- 

morphicity and the involutive property of a the groups Hf''\Y) split into even and odd 
eigenspaces 

Hf'^\Y) = HlfiY)®Hl^^\Y) , (2.5) 
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Table 2.2: Af = 1 bulk multiplets 



which we list together with their respective basis elements in Table I2.1I 

Expanding the massless ten-dimensional fields of type IIB string theory in terms 
of harmonic forms keeping only the O invariant four-dimensional modes results in the 
massless A/" = 1 bulk spectrum 0111 El- For the ten-dimensional NS-NS fields that is to 
say for the dilaton 0, the metric g and the two-form B one finds the expansion |3] 

J = uja , B = b'^ix) Ua , = , (2.6) 

where J is the Kahler-form of the Calabi-Yau manifold Y and f and are 

four- dimensional scalar fields.^ In addition deformations of the complex structure on Y 
lead to complex scalars which are in one-to-one correspondence with the elements of 

H^9:-(Y) sin!- 

Similarly, the ten-dimensional RR form fields C^^\ C-^-' and C^'^^ are expanded into 
appropriate harmonic forms as 

C(4) _ DZJx) AuJa + V^ix) Aa& + UJx) A (3^ + pJx) cD" , 

(2.7) 

= c^(x) UJa , C(°) = 1{X) , 

where are two-forms, V^jUa are one-forms and pa,c°',l are scalars in d = 4. The 
physical spectrum is obtained by imposing the self-duality condition on the five-form 
field strength, which removes half of the degrees of freedom of C^^\ This can be used to 
eliminate the two-form fields V^^) favor of the scalars pa and the vectors V^" in favor of 
the vectors Ua- The resulting physical spectrum without redundant degrees of freedom 
is summarized in Table 17!^ 

The next task is to add to the orientifold bulk theory a single space-time filling D7- 
brane with gauge group U{1).^ The internal part of the D7-brane is wrapped on a four 
cycle which includes both the D7-brane cycle and its image with respect to the orien- 
tifold involution a. Therefore the cycle 5*^ describes two disconnected components and 
the two dimensional cohomology space H^{S^) decomposes into the two one dimensional 
spaces H^{S^) with basis element 1, and H^{S^) with the basis element 

P_ G if°(S^) . (2.8) 

''For ease of notation we denote in the following both the Calabi-Yau orientifold and the Calabi-Yau 
manifold by Y. 

^Note that a D7-brane cannot be included into the bulk theory arbitrarily. Instead in order to obtain 
a consistent theory the tadpole cancellation conditions for branes and orientifold planes must be satisfied 
^HIEHI- We come back to this issue in section 
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Table 2.3: Massless D7-brane spectrum 



The zero form P_ is +1 on the D7-brane cycle and —1 on the image- D7-brane cycle. For 
later convenience we also introduce the four cycle S^, which is the union of the D7-brane 
cycle and its orientation reversed image under the involution a, i.e. these two cycles obey 

a{S^) = , a(S^) = -5^ . (2.9) 

Their Poincare dual two-forms are denoted by uja G H^^'^\y) and up G ^[^^'^{Y) re- 
spectively. 

The massless bosonic spectrum resulting from the space-time filling D7-brane wrapped 
on consists of a four-dimensional U (1) gauge field and Wilson line moduli fields 

ai{x) both arising from the eight- dimensional world- volume gauge field. Furthermore, 
fluctuations of the internal cycle lead to 'matter fields' ("^{x) which arise from a normal 
coordinate expansion of the D7-brane. In the limit of small D7-brane fluctuations and 
small complex structure deformations these fields can be treated independently. As 
a consequence the 'matter fields' appear as an expansion into two-forms of of 
type (2,0) The massless spectrum is summarized in Table 1231 together with their 
associated basis of harmonic forms. 

In the large volume limit the bosonic four- dimensional low energy effective super- 
gravity action is derived by a Kaluza-Klein reduction on the orientifold background from 
the ten-dimensional type IIB supergravity action plus the Dirac-Born-Infeld and Chern- 
Simons action integrated over the D7-brane worldvolume W = M^^'^^ x The 
result of this compactification procedure yields a A/" = 1 supergravity theory in four 
dimensions in terms of the vector fields and chiral fields specified in Table 12.21 and 12.31 
The bosonic low energy effective action obtained from this reduction is recorded in ()A.3|) . 
Here we only give the A/" = 1 supergravity action in its standard form, that is we specify 
the Kahler potential K, the holomorphic superpotential W and the holomorphic gauge 
kinetic coupling functions /fa- In terms of these quantities the action is given by ISHIEI] 



^Bosons — ~ 7^~2 / '^^•^ V~V 



R + 2 Kmn^^^M^V^M^ + 2Vb + 2Vf 
l^Jd'x^ (Re fhAF^^F^'' ^ + 1-Jii^ f)^^F^ a F 



(2.10) 



where we denoted all scalar fields of the chiral multiplets collectively by and all 
gauge fields and their field strength by , F^ respectively. Kj^^fj = dudfiK is the 
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Kahler metric and the scalar potential is the sum of the two terms 

= (k'''''VmWV^W - m?) , V^D = ^ (Re/)^^DrDA , (2.11) 

where VmW = OmW + {duK) W and (Re /) is the inverse matrix of the real part of 
the coupling matrix /fa- 

As demonstrated in ref. [HllSl] in order to cast the low energy effective action obtained 
from the Kaluza-Klein reduction and given in ()A.3|1 into the form ()2.10|) the Kahler 
variables must be identified, i.e. the correct complex structure of the space spanned by 
the chiral fields must be determined. The result of this analysis shows that 5*, G", Tq,, 
z", C^^ and ai are the appropriate Kahler variables, where S", G"^, Tq, are defined as 

S = t-k1^jCabC^C^ , G'' = c''-Tb\ (2.12) 

Z 4 4:[T — T) 

with i = lua' and r = Z + ie~'^ . The field independent coefficients Cab-, ^'^^ defined 
in ()A.11|) . whereas the triple intersection numbers ICahc and /Cq, are defined in ()A.4|) and 
dill). 

In terms of these Kahler coordinates the Kahler potential for the low energy effective 
supergravity action is found to be |34j 



K{S, G, T, z, C, a) = Kcs (z) - log [-z {S - S) - 2tKlf,jCABC^C' 

-21og[|/C(S,G,T,C,a)] , (2.13) 



where Kc^iz) is the Kahler potential of the complex structure moduli z"' defined in 
eq. ()A.8|) . K, = K.ais-yV'^v^v'^ is known explicitly in terms of the Kaluza-Klein variables 
v"' arising in the expansion of J (c.f. ()2.6|) ) and the triple intersections JCaP'y defined 
in eq. ()A.4|) . The themselves are no Kahler coordinates but determined in terms 
of the Kahler coordinates S, G", T^, and aj by solving ()2.12p for v°'{S,G,T,(,o,i) 
|52 | IT ^ IT9 | l5] . This solution, however, cannot be given explicitly in general. 

The gauge kinetic coupling function of the D7-brane gauge degrees of freedom is 
extracted from the effective action ()A.3|) ^ 



/ 



D7 



(2.14) 



The computation of the scalar potential from a Kaluza-Klein reduction is more del- 
icate. The reason is that in the reduction we used explicitly the BPS-condition for the 
D7-brane or in other words we wrapped it on a supersymmetric cycle. This amounts to 
choosing a flat Af = 1 supersymmetric background and as a consequence no potential 
can appear. It was argued in ref. ji34J that the deviation from the BPS condition can be 
viewed as inducing a D-term. However, the precise computation of this D-term in the 

^Actually there is a slight mismatch involving the Wilson line moduli fields a/ [53] . which is cured at 
the open string one loop level j54| . 
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bosonic action is difficult. We will return to this issue in more detail in the next section 
and here only observe that the D-term can also be computed from a supergravity analysis. 
As reviewed in appendix^ the action ()A.3|) has a local Peccei-Quinn symmetry ()A.12|) 
under which one of the scalars defined in (j2.12|) is charged. This scalar denoted by 

arises from the expansion along the (l,l)-form ujp which is dual to the four-cycle 
defined in (EH)- Using (ITT^ and (IXl3|l one determines the gauge covariant derivative 
to be 

V ^G"" = d^G'' - AKl^^^^A^ . (2.15) 

The D-terms associated to the charged chiral fields are in general computed from the 
equation [21] 

SnSmK = idN^r , (2.16) 

where X-p is the holomorphic Killing vector field of the corresponding gauged isometry 
of the target space Kahler manifold. For the shift symmetry ()2.15|) the Killing vector of 
the gauged isometry is easily determined to be 

X = Anl^irWop ■ (2.17) 

Then using ()2.16p we readily compute the D-term associated to this non-linearly realized 

U{1) gauge symmetry to be 

D = JCp^b^ , (2.18) 

where JCpa is defined in flA.5|) . Using (j2.6p we can also give an integral representation for 
the D-term which reads 

^ Jsp 

Moreover with eq. (|2.1H) the corresponding D-term scalar potential Vd becomes 

Vd is minimized for 6" = where the D-term and Vd itself vanish. This concludes the 
summary of the ingredients needed in the following chapters. The details of this section 
are elaborated in ref. 



2.2 D7-brane background fluxes 

In this section we turn on background fluxes for the field strength of the U{1) gauge 
theory localized on the D7-brane worldvolume. However, in order to preserve Poincare 
invariance of the four- dimensional effective theory we consider only background fluxes 
on the internal D7-brane cycle S^. These fluxes are topologically non-trivial two-form 
configurations for the internal U{\) field strength which nevertheless satisfy the Bianchi 
identity and the equation of motion. Therefore the background flux / is constrained to 
be a harmonic form on S^. In ref. jHll it was shown that the gauge boson is odd with 
respect to the orientifold involution a and as a consequence the background flux / has 
to be an element of H'^{S^). 

Let us now pause to briefly discuss the tadpole cancellation conditions. Consistency 
requires the cancellation of all RR tadpoles. In the case of a single D7-brane wrapped on 
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the internal cycle S and with D7-brane flux /, the RR tadpole cancellation conditions 
read |^ 

(2.21) 

Here and z/3 are the RR charges of the 07- and 03-planes respectively whereas Oj^^ 
are the internal four-cycles wrapped by the 07-planes. Since we do not analyze a specific 
orientifold compactification but instead work with a generic ansatz, we cannot check the 
conditions (j2.2H) explicitly. Therefore we assume that in the following the Calabi-Yau 
manifold Y, the involution a, the D7-brane cycle and the D7-brane flux / is chosen 
in such a way that the conditions 1)2.211) are fulfilled. 

In addition to RR tadpoles there can also appear NS-NS tadpoles. The divergencies of 
NS-NS tadpoles give rise to potentials for the NS-NS fields jHSl iM| and can be absorbed 
in the background fields via the Fischler-Susskind mechanism ^7\. In the effective theory 
the presence of NS-NS tadpoles generically indicate an unstable background. However, 
in the super symmetric case the RR tadpole conditions ()2.2H) imply that also the NS- 
NS tadpoles vanish via supersymmetry. If the NS-NS tadpoles do not vanish a D-term 
in the effective action is induced [HE]; which breaks supersymmetry spontaneously and 
generically indicates that the vacuum expectation values of the effective four-dimensional 
fields do not correspond to a minimum in the scalar potential. 

The D7-brane cycle is embedded into the ambient Calabi-Yau manifold Y via the 
embedding map l : ^ Y , which induces the pullback map l* on forms 

i* : Hl{Y) H^_{S^) . (2.22) 

Therefore one can distinguish between two different kinds of fluxes which we denote by 
^ and /. ^ are harmonic two- forms on which are inherited from the ambient Calabi- 
Yau space Y. f on the other hand correspond to harmonic forms on S^, which cannot 
be obtained by pullback from the ambient space Y. Put differently, ^ are harmonic 
two-forms in the image of l* while / are harmonic two- forms in the cokernel of l*. This 
amounts to the fact that the cohomology group H'i{S^) can be decomposed 

/J!(5^) ^ ^H^_{S^) © H^_{S^) , (2.23) 

where ^H^{S^) = t* {HliY)) and Hl{S^) = coker (^H^{Y) ^ if!(S^)). Then the flux 
/ G H'^{S^) splits accordingly 

f = l + L (2.24) 

with G ^H^{S^) and / G H^{S^). This splitting is not unique but we choose it in 
such a way that the integrals 

[ L*iUaAf = (2.25) 
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vanish for all two-forms Ua in H'^{Y)J 

Let us first discuss the fluxes In the Calabi-Yau threefold Y the only harmonic 
two- forms are (1, l)-forms and therefore the fluxes can be expanded into the (1, 1)- 
forms of Y pulled back to S"^, namely 



^/ = ^*c^a , (2.26) 



where Ua is a basis of H^^'^iY). These fluxes have already been treated in ref. ^] and 
always appear in the combination b"" — £ in the effective action ()A.14|) . This is due 
to the fact that the D7-brane effective action ()A.1|) and ()A.2|) depends on JF = i? — if. 
Rewriting ()A.14|) in the standard A/" = 1 form (j2.1(jp amounts to a modification of the 
chiral coordinates in that the definition ()2.12j) is replaced by 

G'^ = - tB" , B^ = b^-eY ■ (2.27) 

In terms of this newly defined the Kahler potential ()2.13|) and the covariant derivative 
()2.15|) are unchanged. As in the previous section the D-term can be computed from a 
supergravity analysis and one finds that ()2.18|) is replaced by 

U^}^K.^B'^'-^[ J.B, (2.28) 

Jsp 

where B = B°'uJa. Thus the presence of the fluxes shifts the vacuum in that Vd is now 
minimized for S = which determines b°' = i corresponding to a vanishing D-term 
D = 0. 

Let us now turn to the second type of fluxes / introduced in (|2.24|) . In a Kaluza- 
Klein reduction of the D7-brane action they arise from the same combination = B—if. 
However, due to ()2.25|) some of the integrals encountered simplify. This implies that no 
cross terms between / and any bulk scalars can survive and in the effective action terms 
proportional to 



Q/ = r / / A / (2.29) 

appear. 

The explicit form of the Kaluza-Klein reduced effective action including both types 
of fluxes and / is given in ()A.14|) . In the A/" = 1 supergravity language the additional 
terms proportional to Q j amount to an adjustment of the Kahler coordinate Ta and the 
definition ()2.12|) is replaced by 



Ta — — ipa — h^abcC''B'^) + -K,a + 77 ^^^abcG^{G'^ — G'^) 

Z 4 4:[T — T) 

+ ^iKl^jfCi^aiaj + f 5^ TQf , (2.30) 

This can alway be achieved by first choosing a basis of two-forms uja for ^H^{S^) and then by 
choosing a basis of two-cycles S'^ for ker {H2,-{S^) H2,-{Y)). Then the Poincare dual basis uJa of 
5"° spans the cokernel Hl{S^). If now the splitting is chosen in such a way that can be expanded 
into UJa and / into wa the relation H2.25|l is fulfilled. 
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where is defined in ()2.27|) . The Kahler potential ()2.13|) is unchanged but the additional 
terms proportional to Qj enter nevertheless once K is expressed in terms of its chiral 
coordinates. 

The covariant derivatives of the scalars pa also change. This can be seen from the 
fact that the Kaluza-Klein reduction of the D7-brane Chern-Simons action ()A.2|) in the 
presence of the fluxes / induces additional Green-Schwarz terms of the form 



/ C^^^ A£f AiP.F = priQ^ [ AF = -fijiQ^ [ dD" A A . (2.31) 



Here we used the expansion (j2.7|) and Qa is defined as 



Qa = i i*UJa A P-f . (2.32) 

At first sight Qa seems to vanish due to ()2.25p . However, P_/ need not be in the cokernel 
of L*, and therefore some of the charges Qa can be non-zero.^ After eliminating the two- 
forms Da in favor of their dual scalars pa by imposing the self-duality condition on the 
five-form field-strength of C^^\ the Green-Schwarz terms (I2.3ip modify the local Peccei- 
Quinn symmetry discussed in ()A.12|) . The covariant derivative for pa changes and ()A.13|) 
is replaced by 

V^p„ = d^pa - 4.nlp7lKahpB^A^ + At^lp^iQaA^ . (2.33) 

In terms of the chiral coordinates ()2.12|) and ()2.30p the contribution proportional to Qa 
leave the covariant derivative of (j2.15|) unchanged while the fields T„ become charged 
and a covariant derivative of the form 

V^Ta = d^Ta + QinlpjlQaA^ (2.34) 

is induced. Thus fluxes / which lead to non-vanishing Qa change the gauged isometry 
flA.12|) in that additional fields Tq transform non-linearly. 

As a consequence of these additional charged chiral fields the D-term is also modified. 
The holomorphic Killing vector field ()2.17p receives an additional contribution from the 
Ta and reads 

X = Anlp-ridGP - Qit^lpiiQadr^ . (2.35) 
This in turn adjusts the D-term via eq. (|2.16|) and we find 

D = ^^^{Kp.B'^-QaV-) = [ JAT, (2.36) 

^ ^ Jsp 

where J-' = B — if = B — if. The corresponding D-term potential is given by 

= {ICp.B^ - Q.v-f , (2.37) 



^For instance this situation occurs if the flux on the D7-brane and the negative value of the flux on 
the image-D7-brane can both be written as the puUback of the same two-form in the ambient space. We 
are indebited to Peter Mayr for drawing our attention to this point and eliminating a misconception in 
an earlier draft of this paper. 
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where strictly speaking we have to express f " in terms of the chiral variables by solving 
fl2.30|) . We see that whenever there exits at least one odd (1, l)-form in the orientifold 
one can find a minimum with D = = I^d by appropriately choosing B. On the other 
hand, if such a form does not exist (i.e. B = 0) and simultaneously Qa 7^ holds, D = 
can only occur for ^ 00. This corresponds to a run-away behavior with no stable 
minimum. However, if non-perturbative corrections of the potential stabilize z;" at some 
finite value, spontaneous supersymmetry breaking by this D-term can occur and possibly 
lead to metastable deSitter vacua as proposed in |H2|. 

The potential (j2.37|) can receive a further contribution if the U{1) gauge symmetry is 
anomalous. As we already discussed previously for 7^ the fields Tq, transform non- 
linearly as can be seen from ()2.34|) . For Q\ 7^ this implies that the gauge coupling /°'' 
which is proportional to T\ transforms and renders the supergravity action non-invariant. 
From ()A.14|) we infer the anomalous transformation law 

5Sf = -2Klf/jiQA y F A F . (2.38) 

This anomaly occurs whenever the charge is non- vanishing and in this case consistency 
requires the existence of additional charged chiral fermions. In order to see their presence 
let us first discuss the geometric origin of a non-zero Qa in more detail. From ()2.32j) we 
infer 

QA = e [ ^aAP_/ , (2.39) 

and since ujp = P-UJ^ it is only consistent with ()2.25p if up is trivial. This, on the other 
hand, implies that uj\ = c<j(i) + a;(2) with ci;(i) = U(^2), that is to say the D7-brane and 
the image-D7-brane wrap the same homology cycle. By the arguments in the previous 
section for non- zero Qa the form P_f can be lifted to a non-trivial form in the ambient 
space Y and then the charge Qa can be rewritten as 

QA = i j^cuAAcuAAP^f . (2.40) 

However, the form ua is the Poincare dual form of the cycle and therefore the non- 
vanishing integral ()2.40j) indicates that the cycle has transverse (two-dimensional) 
self- intersections, which is expressed by the non-triviality of uja Auja- 

At the self-intersection of the D7-brane there arise additional massless modes from 
open strings localized at the intersection locus. For both endpoints of these open strings 
living on the same D7-brane the resulting four-dimensional fields are neutral and thus 
cannot cancel the anomaly. However, recall that in our notation the cycle 5^ describes 
the D7-brane wrapped on the internal cycle S^^^ and the image-D7-brane wrapped on 
S^"^^ simultaneously. Therefore at a six dimensional locus X where the D7-brane S"^^-* 
intersects the image-D7-brane S"^^-* there do arise additional massless fields which are 
charged.^ This is due to the fact that the Kaluza-Klein reduction of the D7-brane U{1) 
field strength F has the form 

F{x,y) = F{x)P. + J{y) + ... , (2.41) 
^We would like to thank Angel Uranga for explaining this to us. 
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where . . . denotes the fluxes ^ which are not relevant for this discussion as they arise 
from puUback forms of the ambient space and hence due to their negative parity they 
become trivial at the intersection locus X. If we now split this into the 5^^) and S^^^ 
contribution one obtains 

F{x,y) = +F{x) + p\y) , _ 

/ = /(I) + /(2) , (2.42) 

5(2); Fix,y) = -Fix) + p\y) . 

Therefore the four- dimensional fields resulting from open strings stretching from S^^^ to 
S^'^^ have charge +2 with respect to the four-dimensional U{1) gauge theory and the 
number of four-dimensional chiral fermions (or more precisely the asymmetry in the 
number of chiral fermions) is given by the index J12 of the internal Dirac operator at the 
intersection locus I ||59i( i|60j |26j 

/i2= / (F^-PA= ! P-f. (2.43) 



X 



As the intersection of the D7-brane with its image can be expressed in terms of the 
Poincare dual forms iU(^i) and tU(^2) of S^^^ and S^'^^ the integral ()2.43p becomes |^ 

/12 = j ^(1) A cu(2) ^P-f=\j A CUA A P_/ = ^Qa, (2.44) 

where we have used that S^^^ and S^"^^ are the same homology cycles and therefore 
wa = 1-^(1) + 1^(2) = 2co'(i). Hence we find (5a/4 four-dimensional chiral fermions with 
charge +2, which then cancel via the four-dimensional analog of the Green-Schwarz 
mechanism the variation ()2.38|) . 

Actually the number of chiral fermions also depends on the type of intersection as 
some of the fermions might be projected out by the orientifold projection. For this 
analysis one needs to thoroughly look at the orientifold projection at the intersection 
locus [nOl I2S1 which is beyond the scope of this work. However, if tadpole cancellation 
conditions are fulfilled then by general anomaly flow arguments of intersecting branes all 
anomalies should cancel [101 1^ . 

Let us conclude this section by noting that these additional charged multiplets, which 
transform linearly with respect to the U{1) gauge theory, also contribute to the D-term 
()2.36|) according to 

D^D + 2/s:2/i7£^gi|Xi|2 , (2.45) 

i 

where denotes chiral fields with charge qi arising from brane intersections. However 
these additional terms have not been calculated in the Kaluza-Klein reduction described 
in the previous sections but can only be inferred via the anomaly analysis. 

Before we turn to the computation of the D- and F-terms from fermionic couplings 
let us discuss the origin of the difficulty in computing the scalar potential directly from 
a Kaluza-Klein analysis. The reason is that in the derivation of the effective action 
one wants to preserve A/" = 1 supersymmetry or in other words wrap a D7-brane which 
satisfies a BPS-condition on a supersymmetry four-cycle. For a space-time filling D7- 
brane the BPS-calibration condition for the internal four cycle was derived in ref. 
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to be 



d^i\J dei{g + B'' L*Ua-if) = ^e~'^ + t*Ua - iif) A J + iB^ t*ujb - iif) , 

(2.46) 

where g is the Calabi-Yau metric in the string frame. The real constant 6 parametrizes 
the hnear combination of supersymmetry parameters preserved by the BPS D7-brane. 
Therefore in order to maintain Af = 1 supersymmetry in Calabi-Yau orientifolds the 
parameter 6 must be in accord with the supersymmetry truncation resulting from the 
orientifold projection ()2.H|1 . which fixes 6 = 34 . As a consequence since the left hand 
side of eq. fl2.46|) is manifestly real the right hand side also needs to be real with 6 = 0. In 
other words the imaginary part of ()2.46|) vanishes in the case of unbroken supersymmetry 
which yields the condition T f\J = {B — if) A J = 0. Integrated over and using ()A.5|) 
and (j2.32|) one obtains 

[ JAT = JCpaB" - g„f " = , (2.47) 
Jsp 

which precisely corresponds to the condition that the D-term given in ()2.36p vanishes. 
In this case (ITIHl) reduces to jSHl El 

d'^^Jdet{g + B- i*uja-if) = i J A J - i (i?'^ L*uJa - if) A [b' l*uj, - if) . (2.48) 

The deviation from the BPS condition is a measure of supersymmetry breaking and is 
reflected in the appearance of the D-term ()2.36|) . Note that the expression ()2.47|) enters 
in the D-term linearly whereas it appears quadratically in the scalar potential. Apart 
from the D-term potential Vd given in ()2.37|) the fluxes / also induce a superpotential 
or in other words an F-term potential Vp. We were unable to compute these potential 
terms, which are quadratic in the fluxes, from a Kaluza-Klein reduction of the bosonic 
terms. However, in order to determine the scalar potential of the low energy supergravity 
action we need not just rely on the bosonic side of the theory, but instead we can also 
compute parts of the fermionic supergravity action in order to gain via supersymmetry 
information about the scalar potential for the bosons. Therefore we turn to the analysis 
of the fermions in the next section. 

3 Fermionic spectrum and couplings of D7-branes in 
Calabi-Yau orientifolds 

As we have argued in the previous section it is difficult to compute the scalar potential 
from the bosonic terms of a Kaluza-Klein reduction. However, both the superpotential 
and the D-terms can be computed more reliably from the fermionic couplings of a Kaluza- 
Klein reduced theory. The reason is that in certain fermionic couplings the D-terms 
and the F-terms (i.e. derivatives of the superpotential) appear linearly and thus can be 
obtained by a flrst order perturbation theory around the background. 

In this section we determine the fermionic spectrum of the D7-brane excitations and 
compute some of their scalar fleld dependent couplings to the gravitino. The fermionic 
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D7-brane fields appear in the super Dirac-Born-Infeld action and the super Chern-Simons 
action of a super-D7-brane which we introduce in section I3.ll From these superspace 
worldvolume actions the fermionic excitations are determined in section 13.21 and shown 
to complete the A/" = 1 supersymmetric multiplets of section 12.11 In section 13.31 we 
review and set our notation for the fermionic part of the M = 1 supergravity action in 
four dimensions. This is also the preparation for section IXil in which the kinetic terms of 
the fermions are derived from the super Dirac-Born-Infeld action. Then in section the 
super Chern-Simons action serves as the starting point to deduce particular fermionic 
couplings from which we read off the D-terms and the flux induced superpotential of 
the four-dimensional effective supergravity theory. Finally in section 13.61 we show how 
this superpotential can also be obtained by dimensional reduction of the holomorphic 
Chern-Simons action of ref. [5^ . 

3.1 Super-D7-brane action 

In the large radius limit of Calabi-Yau compactiflcations a Dp-brane can be viewed 
geometrically as the embedding of its p + 1-dimensional worldvolume W in the ten- 
dimensional target space manifold M^'^, namely : W ^ M^'^ with the embedding 
map (p. In order to generalize this concept to a super-Dp-brane (i.e. we also want to 
capture the fermionic degrees of freedom) the worldvolume W needs to be embedded in 
the target-space supermanifold of the considered string theory. 

Here we focus on D7-branes which arise as extended objects in type IIB string the- 
ory. In superspace the corresponding type IIB supergravity theory is formulated on the 
supermanifold M^'^'^ with ten even dimensions and two odd dimensions. Locally this 
supermanifold is described by the superspace coordinates = {x^'^ , 6) with the ten 
bosonic coordinates and the pair of fermionic coordinates 9 = {6^,6^). As type IIB 
string theory is chiral with M = 2 supersymmetry in ten dimensions the pair of fermionic 
coordinates 9 consists of two Majorana-Weyl spinor of 5*0(9, 1) with the same chirality. 
Hence 9^ and 9'^ are related by the S0{2) R-symmetry of type IIB supergravity [HT] . 

Now in this formulation the super-D7-brane appears as the embedding of the eight 
dimensional worldvolume W in the supermanifold M^'^'^. The embedding : W ^ 
j^^9,i|2 jg j^Q^ described by the supermap which maps a point in the worldvolume W 
to a superpoint in the target space supermanifold M^'^'^. 

The super Dirac-Born-Infeld action for a single super-D7-brane becomes in the string 
frame 01 iSl 

S^Bi = -/^7 / d«ee-^''^^/- det (^* ig^o + B)^, - iFat) , (3.1) 

whereas the super Chern-Simons action reads 

5cs = /i7 / Vc^*(C(''))e^^-^*^. (3.2) 
Jw ^ 

Both actions resemble their bosonic analogs but the bulk flelds gio, B, cf) and C^'^^ have 
been promoted to bulk superflelds with their lowest components being the corresponding 
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bosonic fields. These superfields are then pulled back with the supermap ip}^ The gauge 
field strength F on the brane, however, remains a bosonic object. 

The super-D7-brane possesses also a local fermionic gauge symmetry called K-sym- 
metry which removes half of its fermionic degrees of freedom |43| 122] • In Calabi-Yau 
orientifold compactifications the supersymmetry is reduced from M = 2 io M = 1 by 
the orientifold projection O. A BPS D7-branes respects the same linear combination 
of supercharges which is invariant under the orientifold projection O. Thus if we also 
truncate the effective theory of the open string sector with the orientifold projection (9, n- 
symmetry is simultaneously fixed and the correct number of fermionic degrees of freedom 
is obtained. 

3.2 The fermionic D7-brane spectrum 

Before we enter the discussion of the fermionic D7-brane spectrum, let us pause and 
discuss the gravitinos of the bulk theory. This also allows us to recall some techniques 
which are important for the remainder of this section. 

In compactifying string theory on a six dimensional manifold the structure group 
^0(9, 1) of M^'^ reduces to ^0(3, 1) x 50(6) due to the product structure (ED). Com- 
pactifications on a six dimensional complex manifolds reduce the structure group 5*0(6) 
further to t/(3) ^ 5t/(3) x f/(l) so that we have 

50(9, 1) ^ 50(3, 1) X 50(6) ^ 50(3, 1) x 5t/(3) x f/(l) . (3.3) 

Correspondingly the Weyl spinor 16' of 50(9, 1) decomposes into representations of 
50(3, 1) X 50(6) or 50(3, 1) x 5f/(3) x [/(I) respectively 

16' ^ (2, 4) © (2, 4) ^ (2, 3i) © (2, l.g) © (2, 3_i) © (2, 13) . (3.4) 

2, 2 are the two Weyl spinors of 50(3, 1), 4, 4 are the two Weyl spinors of 50(6), 3, 3 
are the fundamentals of 5[/(3) and 1, 1 are SU{?>) singlets (the subscript denotes their 
U{1) charge). 

For complex threefolds the Clifford algebra for the 50(6) Dirac gamma matrices 7*" 
can be rewritten in terms of complex coordinate indices which then obey^^ 

{f , 7^"} = 2g'^ , {7\ f } = , {f , 7^ = , {l\ 7} = {l\ 7} = , (3.5) 

where 7 is the six- dimensional analog of 7^. These relations allow us to interpret the 
Dirac gamma-matrices with holomorphic indices as raising and lowering operator acting 
on some 'ground state' ^ and its 'conjugate ground state' 

n = , f f = . (3.6) 

-"^"Note that the puUed-back quantities ¥'*(') contain no odd components because is a map from an 
ordinary manifold into a supermanifold. As a consequence the integrals in H3.1|l and 1)3. 2|l are integrals 
only over bosonic coordinates. 

^^Our spinor conventions are assembled in appendix IbI 

^^The " denotes six-dimensional bulk quantities. 
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are the singlets 1, 1 of SU{3) which obey the chirahty property 

7^ = +e , f 7 = -f • (3.7) 

Note that the conditions ()3.6|) are maintained on the whole complex manifold Y because 
the structure group U{3) = SU{3) x f/(l) of complex threefolds does not mix the gamma 
matrices 7* with the gamma matrices j^. However, for a generic complex manifolds the 
SU{3) singlets and transform under the U{1) part of (jH.Hj) . which is the U{1) part 
in the spin-connection of the internal space. Thus for a complex manifold we have two 
'charged' spinor singlets ^<^C* and ® £ which are tensors of the SU{3) x f/(l) bundle. 
Here C and C* are sections of the line bundle corresponding to the U{1) in ()3.3|) . For 
Calabi-Yau manifolds the first Chern class of the tangent bundle vanishes. This also 
implies that the line-bundle arising from the U{1) part of the spin connection is trivial, 
and as a consequence one finds for a Calabi-Yau manifold two globally defined singlets ^ 
and which are in addition covariantly constant. 

In type HB string theory there are two ten-dimensional Majorana-Weyl graviti- 
nos = (^Af 5 ^m); which have the same chirality 

r^M = -^M • (3.8) 

Due to ()3.4|) the ten-dimensional gravitinos compactified on the Calabi-Yau mani- 
fold Y give rise to a set of two massless four- dimensional Weyl gravitinos ^/'^(x)^^ 

= M^) ® ^{y) + M^) ® ^\y) . (3.9) 

Using ()3.8j) . (jB.lOj) and ()3.7|1 the four-dimensional gravitinos have to obey •y^ipfj, = +'ip^ 
and 7^V^^ = -i)^. 

In Calabi-Yau orientifold compactifications only one linear combination of the two 
four-dimensional spinors in ()3.9|) is invariant with respect to the orientifold projection 
fl2.3|l . Recall that the two ten-dimensional gravitinos '^m of the type HB superstring 
theory arise from the R-NS and NS-R sector respectively. The worldsheet operator 
{—l)^^VLp maps the R-NS sector to the NS-R sector and vice versa and adds an additional 
minus sign for the NS-R sector Thus for \Efj^^ from R-NS and \E'|j from the NS-R 

sector one obtains in terms of the Pauli matrices (T^, (T^, ct^ for the two component spinor 
\I/m the transformation behavior 

{-if^np^M = -i(y^^M . (3.10) 

As a consequence the operator [—l)^^VLp acts in the same way on the Kaluza-Klein modes 
of given in eq. ()3.9p . 

The next step is to determine the action of the pullback of the holomorphic involu- 
tion a* on the spinors ^ and Due to eq. ()2.4j) the unique holomorphic three- form is 
odd with respect to the involution a. This implies that at each point in the tangent space 
of Y the involution a generates a rotation by ivr. Since the spinor singlets ^ and are 

^•^Since ^a/ are Majorana-Weyl gravitinos, one can choose a Majorana basis such that ^f^^ — "^m- 
This condition impHes that the decomposed spinors in %\A\ are complex conjugate to each other and as 
a consequence also the spinors in the Kaluza-Klein Ansatz (|3.9(l are complex conjugates. 
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sections of the spin bundle of Y the rotation by ivr lifts in the spin bundle to a phase 
factor of e^""^/^. This implies the transformation properties a*^ = and a*^^ = =Fi^^^'^ 
Applied to the four-dimensional gravitinos and using (j3.1Up we obtain 

OVV ® = ^ ® e^ 0%®^ = ^^^^cr^ . (3.11) 

Thus the four-dimensional Weyl gravitinos iptJ. and ipn of the JV = 1 low energy effective 
orientifold theory are given as the invariant linear combinations 

V'M®e^ = Hi+'^') ^M®e=4®^Ki+'^') • (3-12) 

After this interlude on the gravitinos we turn to the fermionic matter fields. For the 
fields localized on the D7-brane the structure group SO (6) of the tangent bundle of the 
internal six-dimensional space splits into SO (4) x 5*0(2). Here 50(4) is the structure 
group of the tangent bundle of the four- dimensional internal D7-brane cycle S^, whereas 
50(2) is the structure group of the two-dimensional normal bundle of 5*^^. Moreover for 
the D7-branes under consideration we always assume that the puUback tangent bundle 
i*TY splits holomorphically into the direct sum TS^ © N^^, i.e. the structure group of 
the tangent and normal bundle reduces to U{2) x f/(l). Hence we have the following 
chain of subgroups 



^0(3, 1) X 50(6) ^"TY^TS ffiNS ^ ^^^g^ ^ g^^^^ ^ ^^^2) 

J}2l2I^12IE^ S0{3, 1) X (5f/(2) x f/(l)) x f/(l) , (3.13) 

which tells us that the D7-brane worldvolume fields are appropriate representations of 
50(3, 1) X SU{2) X f/(l) X U{1). 

Analogously to (j3.4j) the ten-dimensional spinor representation decomposes under 
50(3, 1) X 50(4) X 50(2) according to 

16' ^ (2, 2, 1) © (2, 2', 1) © (2, 2, 1) © (2, 2', 1) , (3.14) 

with the two Weyl spinors 2 and 2' of 50(4) and the 50(2) complex conjugated singlets 
1,1. 

As before the ten-dimensional Dirac gamma matrices are decomposed into a 
tensor product of Dirac gamma matrices of the subgroups of ()3.13|) according to ()B.12|) . 
Then the Dirac gamma matrices 7"^ of the tangent bundle structure group 50(4) are 
combined into holomorphic and anti-holomorphic gamma matrices which fulfill the anti- 
commutation relations 

{Y, 7^"} = 2g^^ , {y , 7^ } = , W, 1'} = , W, 7} = {l\ 7} = . (3.15) 



^''For toroidal models the factor i follows directly from the R-NS and NS-R gravitino vertex operator: 
A four-dimensional orientifold theory with 07 planes is obtained by first compactifying type I string 
theory on a six torus and then T-dualizing two distinct internal directions. In this case the orientifold 
projection becomes (—1)^'^ Rsgi^p where Rs9 is the reflection operator along the T-dualized directions 
Note that such a reflection corresponds to a rotation by ±7r and thus produces for worldsheet 
spinors in the R-sector a phase factor e^"^/^ — ±i which also appears for the gravitinos in the R-NS 
and NS-R sector. 
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Similarly as in the case of the Calabi-Yau threefold the holomorphic 5*0(4) gamma 
matrices are interpreted as raising and lowering operators which are used to construct 
the 'ground states' ^ and the 'conjugate ground state' ^'^ 

ye = , e¥ = . (3.16) 

These 'ground states' correspond to SU (2) spinor singlets of the same chirality^^ 

7e = +e, eH = +e^ (3.17) 

Analogously as in the case of the ambient Calabi-Yau threefold Y the internal D7- 
brane cycle has two spinor singlets ^ ® £* and C,'^ ® C which are globally defined 
tensors of the SU{2) x f/(l) bundle. The sections C* and C are again associated to the 
f/(l) part of the spin connection. In general these line bundles are non-trivial as 
need not be a Calabi-Yau manifold with trivial first Chern class. However, the spinors of 
S'^ relevant for our analysis transform under the induced spin connection of the ambient 
space Y which is a connection with respect to both the tangent and the normal bundle 
of S^. Therefore due to the triviality of the U{1) part of the spin connection in the 
ambient space Y the overall U{1) 'charge' of the induced spinors must also be trivial and 
as a consequence the line bundles associated to the structure group U{1) of the normal 
bundle NS*^ must be dual to the hne bundles of the U{1) part in the structure group 
of the tangent bundle TS^. Hence the two induced spinor singlets are globally defined 
tensors of SU{2) x U{1) x U{1) and take the form 

(e®/:*)®/: = e , (e^" ® /:) ® /:* = e^ (s.is) 

which behave like 'neutral' spinors with respect to the U{1) part of the induced spin 
connection. Note that the chiralities of the line bundles C and C* viewed as spinors of 
the normal bundle NS*^ are given by 

7£ = +£ , 7£* = -C* , (3.19) 

with the Dirac gamma matrices of 5*0(2) as introduced in appendix IB. II 

As in the bosonic part of the D7-brane the dynamics of the super-brane is captured 
by fluctuations of the embedding supermap ip. These fluctuations determine the super- 
symmetric spectrum including the bosonic excitations and their fermionic superpartners 
which are the focus of this section. In order to derive from 1)3.11) and ()3.2|) the low energy 
effective action for the fermionic excitations one needs to compute the pullback of the 
superfields with respect to the fluctuating supermap ip, which takes for the fermionic 
fluctuations the simple form [021 Ell 

^:>V^M^'i^ ^H-. (^(0,e(0) . (3.20) 

^'"^The singlets ^ and have the same chirahty for structure groups SU{2k) and different chiraUties 
for structure groups SU{2k+ 1) because the 'conjugate ground states' is also obtained by acting with 
all raising operators on the 'ground state' ^. Thus for the group SU{2k) there is an even number of 
raising operators which yields for ^ and the same chirality, whereas for SU{2k + 1) the odd number 
of raising operators results in different chiralities for ^ and . 

^^Mathematically this neutrality is a consequence of the Whitney formula for the first Chern class. 
Since l*TY = TS^ ® NS'^ holomorphically, the Whitney formula applied to the Calabi-Yau manifold Y 
yields = l*ci{TY) = ci{TS^) + ci(NS"^). Thus the line bundle associated to the tangent bundle must 
be dual to the line bundle associated to the normal bundle. 
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Hence the pullback with respect to this supermap simply amount to replacing the super- 
space coordinates 6^ by 6(^) [iniinSl- Due to the dependence on ^ the fermionic fields 6(,^) 
are localized on the worldvolume W of the D7-brane and contain all the fermionic de- 
grees of freedom of the super-D7-brane. Note that 6(0 has the same transformation 
behavior as the odd supercoordinates 6, that is to say they are Majorana-Weyl fermions 
transforming in the Weyl representation 16' of S'0(9, 1). 

The next task is to determine the massless Kaluza-Klein modes resulting from the 
Majorana-Weyl spinors 6(0 compactified on the worldvolume M^'^ x S^. As for the 
gravitinos only one linear combination of 6(0 is invariant with respect to the orientifold 
projection O. The fermions 6(0 are the fluctuations of the odd superspace coordinates 6*, 
which in turn correspond to the infinitesimal supersymmetry parameters for supersym- 
metry variations. Since the gravitinos are the gauge fields for local supersymmetry the 
supersymmetry parameters 9 and their fiuctuations 6 transform exactly like the graviti- 
nos under O. Thus the projector ^ (1 + (9) acting on 6 becomes | (1 + o"^) as in ()3.11|) . 
and we define 

6(0 = 1(1 + 0)6(0 • (3.21) 

Then the projected ten-dimensional Majorana-Weyl spinor 6(0 transforming as 16' of 
5*0(9,1) needs to be decomposed into representations of the subgroups in eq. ()3.13p 
according to ()3.14j) . 

Since ^ and are constant sections on 5*^ (or zero-forms) we can identify 7'^ and O7' 
with (0, l)-forms and (1, 0)-forms and 7*7-^^ and ^^7*7-^ with (0, 2)-forms and (2, 0)-forms. 
Furthermore, we need to expand 6(0 into fermionic modes which are invariant under 
the orientifold projection O. By supersymmetry we already know that the invariant 
fermionic modes are only identified with negative parity forms in order to match the 
negative parity of their bosonic superpartners. Finally, we only keep massless fermionic 
excitations, which are zero-modes of the internal Dirac operator. As explained in the 
previous paragraph the relevant Dirac operator is induced from the ambient Calabi-Yau 
space Y for which the U{1) part of the spin connection is trivial, and in this case the 
square of the Dirac operator can be identified with the Laplace operator. This implies 
that the massless fermionic excitations are in one-to-one correspondence with the odd 
harmonic (p, g)-forms. Using (j3.17|) and (j3.19p this leads to the Kaluza-Klein expansion 

6(0 = N^\{x)®P-i'^ + N-xKx)®P-i 

+ N^^ xi{x) A^Y^ + N^^ xiix) ® Ai^^f (3.22) 

where \{x),xi{.^))X^{.^) are four-dimensional Weyl spinors. P_ is the harmonic zero 
form of 5^ defined in (Q. is a basis of odd (O,l)-forms on while sa is a bases of 
odd (2,0)-forms, both of which we already introduced in Table 12.31 For the moment we 
also included a set of normalization constants N\, N^a and N~^j which are determined in 
the next section. Note that the Majorana property of the spinor 6(0 implies that the 
decomposition ()3.14|) must fulfill a reality condition. This is refiected in the expansion 
()3.22|) in that for each term the complex conjugate term also appears. 

Thus altogether we conclude that the four-dimensional massless fermionic modes in- 
variant under O are identified with the negative harmonic forms of the cycle S^, which 
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bos. fields 


ferm. fields 


multiplet 


multiplicity 


A, 


A, A 


vector 


1 






chiral 






XI, Xi 


chiral 


dim Hf''\S^) 



Table 3.1: D7-brane spectrum in four dimensions and JV = 1 multiplets 



justifies the expansion of ()3.22|) into the forms P_, sa and . The resulting massless 
fermionic spectrum from ()3.22|) is summarized in Table 13.11 which also illustrates the 
formation of four- dimensional Af = 1 multiplets by combining the fermions with their 
bosonic superpartners of Table 12.31 



3.3 Fermionic terms of D = 4, = 1 supergravity action 

In section ITT) we have introduced the bosonic part of the four-dimensional Af = 1 super- 
gravity action for generic scalar fields in chiral multiplets and vectors in vector 
multiplets. Their super symmetric partners are Weyl fermions and A'" which complete 
the chiral multiplets (M^, x^) and the vector multiplets {V^, X^). In addition the grav- 
itational multiplet contains the four- dimensional metric r]^,^ and the gravitino ip^. The 
complete TV = 1 supergravity action for these multiplets is given by 

'^SUGRA ~ '^Bosons + '^Fermions + i^Couplings ; (3.23) 

where the bosonic part iSeosons is specified in ()2.1()j) . and where iSpermions contains the 
kinetic terms of the fermions and iScoupUngs are the fermionic interaction terms. In the 
conventions of ref. [BT] the kinetic terms of the fermions in the supergravity action read 



'^Fermions 2 1^'^ ^ ^ 



^4 



+ ^(Re/)rA (A^a^V^A^ + A^a^V^A^) - i(Im/)rAV^ (A^a^A^) 



(3.24) 



with appropriate covariant derivatives V^. Out of the fermionic couplings we only need 
to recall those which allow us to determine the D-terms and the superpotential. They 
are given by 

^Couplings = y d^x ^\^f2% (VuWx'^o^^^ + V^Wx^cj^^^ 

+ Dr ^^(t'^F - Dr ^X^^ + • • • ] , (3-25) 
where . . . denotes all the omitted fermionic coupling terms. 
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Note that all the fermionic terms ()3.24|) and ()3.25|) of the supergravity action are 
determined by supersymmetry from the bosonic action ()2.10|) . On the other hand these 
fermionic terms can also be used to gain insight into the bosonic part of the supergravity 
action. In particular from the couplings explicitly stated in (j3.25|) the D-terms and 
F-terms of the effective supergravity theory can be read off. Therefore we want to 
compute the terms ()3.25p from the super-D7-brane action. However, in order to reliably 
determine the D-terms and F-terms from the D7-branes we first have to make sure that 
the normalization of the Weyl fermions defined in the expansion (|3.22j) are such that 
their kinetic terms agree with the kinetic terms of eq. (j3.24p . This is what we will turn 
to next. 



3.4 Fermionic kinetic terms of the effective theory 

In this section we compute the fermionic kinetic terms ()3.24|) of the effective four- 
dimensional theory for the four- dimensional gravitino and for the massless fermions aris- 
ing from the super-D7-brane. First we start with the Kaluza-Klein reduced gravitino and 
as a second step we examine the fermionic kinetic terms resulting from the expansion of 
the super Dirac-Born-Infeld action. 

In the string frame the Einstein-Hilbert term and the Rarita-Schwinger term appear 
in the ten-dimensional type IIB supergravity action as 

= [ d'^xV^oe-^'R [ d^^xv/^e-^^^Mr^^^P^^P + . . . . 

(3.26) 

Performing a Kaluza-Klein reduction of the gravitinos according to (j3.9|) and (j3.12j) . and 
applying a Weyl rescaling to the ten-dimensional metric with 

V = ^e^'^V , 9 = e'^/'g , (3.27) 

one obtains the four-dimensional Rarita-Schwinger term in the Einstein frame 

j d^xV^ e^'^^^^^^' ^P,,cj,,V,,^p,, ■ ^ d'y^i'^i . (3.28) 

In order to normalize this four-dimensional Rarita-Schwinger term in agreement with 
fl3.24|l we readily read off from ()3.28j) with ()A.6|1 the normalization of the constant internal 
spinors 

e^e = 1 • (3.29) 

The next task is to find the canonical normalization of the D7-brane fermions. This 
can be achieved by computing the fermionic kinetic terms of ()3.24|) . which then sets the 
normalization constants in the expansion of eq. ()3.22j) . 

The kinetic terms of the massless open string sector fermions arise from the super 
Dirac-Born-Infeld action ()3.ip . The standard four-dimensional low energy effective ki- 
netic terms are obtained by expanding (j3.H) around the fermionic fluctuations. This is 
achieved by computing the pullback (p*g of the supermetric g with respect to the su- 
permap <p. As the starting point of this analysis we take the component expansion of 
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the supervielbeins -E^^ of Type IIB supergravity of ref. [ W\ 

= + o LOm BC , -E^M = + • • • , 

(3.30) 

Em = -2i^^^)m^ ■ ■ ■ ' = + ■ ■ ■ > 

with the ten-dimensional spin connection ujm bc and where . . . refers to second order 
terms in 9 for the supervielbein components with fermionic indices. The stated order 
suffices for the computation of the kinetic terms. Note that we have aheady truncated 
the expressions with respect to the orientifold projection O. 

The next task is to compute from (|3.3Up the puUback supervielbein given by 

e-ii = 4i - I^^^'DmQ , (3.31) 

and one obtains with {(p*g)j^jj^ = efjeffTiAB the puUback supermetric to the relevant 
order 

{^*g)M^ = guN - '-QTmVnQ - '-QT^VmQ + • • • ■ (3.32) 

In addition to the fermionic fluctuations of the pullback of the ten-dimensional supermet- 
ric g we also include the bosonic fluctuations, which are computed by a normal coordinate 
expansion [121 El] 

(3.33) 

- -er^D^edx'^dx^ - -er^p^^edx^dx^ + . . . . 

The fields Q and C,^ are the bosonic D7-brane fluctuations of the internal cycle 5*^, and 
Q are sections of the normal bundle H^{S^, NS*^) [33], which can be expressed in terms 
of the basis elements sa of Table 12.31 via 

C' = ^ ^''^ ~SA ,fcC^ • (3.34) 

In the next step we insert this equation into the expansion ()3.33p and rescale the metric 
to the four-dimensional Einstein frame and obtain 

=^e'^^'v,. dx'^dx^ + 2e'^/'g,j dy'dy^ 

+ ^TTTTTo ^''^"^ '^^^'B ^^C^^.C^'dx^dx'^ (3.35) 
bi J il Ail 

- ^er^p^edx'^dx^ - ^er^p^^edx^dx'^ + . . . . 

Furthermore the D7-brane field-strength F enjoys the expansion 

F = ^F^^(x) dx^ A dx'^ + d^aiix) £ A dx^ + 9^a/(x) A dx^ + / . (3.36) 
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To derive the kinetic terms of the massless D7-brane modes and the normahzation of the 
fermionic modes we insert into the super Dirac-Born-Infeld action ()3.H) the expansion 
(j3.35|) and (j3.36|) . Then to expand the square root in the Dirac-Born-Infeld action we 
use the Taylor series 



Vdet (2t + m) = Vdet 21 ■ 



f r 
l + -tr2l-^<B + - (tr2l-^?B)^-2 tr(2l-i?B)' 

^ O L 



(3.37) 

Finally after inserting ()3.22j) we obtain the bosonic and fermionic kinetic terms in the 
Einstein frame 



S 



Kin 



'fij j d^xv^ j d^e\/ det (e-^/^c/ + B''i*uJa - if 



(3.38) 



2 g^'g'"^ ~SA,k~SBTf. 



{e-^'^g + h - iff d.ajd^aj - 2z |iV^, f g'^Xicy'V ,Xj 



where we have used the relation 

i j k I/- A I il jk ik jl 

Cl Tl 1 ^ = 4:\9 9 -9 9 



(3.39) 

The normalization constants A^a, N^a and A^^^ can be determined by comparing the 
kinetic terms in ()3.38|) with ()2.10j) and ()3.24|) . The bosonic terms determine the Kahler 
metric and the gauge kinetic coupling function which then, using ()3.24p . fixes the Nx, 
N^A and A^^^ of their superpartners. We determine the normalization constants for A^^ 
and N^A explicitly because they are important in the following section 



m = 



N^A 



/C 



2V -GijnAn 



.30/4 



(3.40) 



3.5 Fermionic D-term and F-term couplings 

The couplings of the fermionic fields to the gravitino ipfj_ reveal the structure of the D- 
terms and the F-terms of the theory. The former appear as couplings of the gravitino 
with the fermions in the vector multiplets, whereas the latter are determined from the 
gravitino couplings with the fermions in the chiral multiplets. The relevant terms are 
given in eq. (|3.25|) . which in our case are computed from the expansion of the super 
Chern-Simons action (j3.2j) of the D7-brane. 

The super RR-forms C^'^^ of type IIB supergravity are stated in ref. [02] where the 
important part for our purposes reads 

Ci2.-2) ^ (7(2'=-2) + ^^^e-^l'p.rM,...M,,_3^M,,_,dx^^^ A. . .Adx^^-- + . . . , (3.41) 
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with the matrix Vk 



^ I k even , , , 

^^={■^2 , (3-42) 



la"^ k odd , 



acting on the gravitino pair ipM and the coordinate pair 6. Note that these super RR- 
forms appear in ref . jnil for type II supergravity theories with 05 / 09 orientifold planes. 
However, the orientifold compactifications needed in this paper include 03/07 planes 
which are related to orientifolds with 05/09 planes via two T-duality transformations 
along two distinct directions. Therefore, we also need to apply two T-duality transfor- 
mations to eq. 1)3.411) before inserting the super RR-fields into the super Chern-Simons 
action ()3.2|) . The obtained super RR-forms for 03/07 planes are denoted by C^''^ and 
^4111 becomes 



^(2.-2) ^ ^(2.^2) ^ IP.+irM,...M.._3^M.._.dx^^^ A ... A dx^^-- + . . . . 

(3.43) 

The couplings of ()3.25|) arise from the super-RR-six-form field in the super Chern- 
Simons action ()3.2p . 

-/i7 / <p* (C(«)) A ^ , (3.44) 

with the worldvolume two-form JF = B—if = B—if. As before for fermionic fluctuations 
0(^) the pullback of C^^^ with respect to the supermap cp* is simply obtained by replacing 
the odd coordinates 9 in ()3.43|) by 6(,^). Note that the pullback <f* to the worldvolume W 
also acts on the gravitino ipM in eq. ()3.43|) . which according to eq. ()3.9|) then becomes 

(^*^M = ip^ c*) c + c) c* + . . . 

(3.45) 

= ® e + ® + • • • • 

Finally taking into account the orientifold truncation ()3.12|) and ()3.21|) we obtain the 
pulled back super-RR-six form 

cp* (C^*')) = + ^e-^ e Tm,...m,^m, dx^'^ A ... A da;*'« + . . . . (3.46) 

This equation captures couplings of the four- dimensional gravitinos ip^ to the D7-brane 
fermions B, which are of the form ()3.25|) . i.e. 

' re-'^er^„^,^,^„^^3 dx'^" A ... A dx^' A dy" A dy^ 



■ (3.47) 

= 1 e-'^ ^ d'^x e (7^7' ® Imn) dy^ A dy" . 

Finally inserting this expression into the super- Chern-Simons action (|3.44p together with 
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()3.45|) and ()3.22|) we arrive after Weyl rescaling with ()3.27|) at 



Couplings 



2 



SA^J ^h'lW^ 9ii9kk dy' A dy« A ^ 



5a4 

1 



T^Aff C^t'tSVC 9il9k-k dy^ Ady'^AJ' 



SA 



P_eV7'"e^ifc^zjd/Ad2/'A^ 



SA 



(3.48) 



This can be rewritten by applying the Dirac gamma matrix identities {7*, 7-'} = 2g^^ and 
(|3.39p . Furthermore we insert the normahzation constants (|3.4Up and the definition of 
the Kahler potential ()2.13|) to cast these couplings into the form 



5, 



Couplings 



2kI 



SA 



SA 



(3.49) 



Now comparing these fermionic couplings with eq. ()3.25p one extracts immediately a 
generic expression for the D-term of the U{1) gauge theory originating from the D7- 
brane 



D 



where in the last step we used again ()A.5|) and ()2.32|) . Hence the fermionic D7-brane 
reduction confirms the D-term p.36j) . which is computed in section IT2l by means of 
analyzing the bosonic part of the J\f = 1 supergravity action. Note that the fermionic 
computation has neither required the knowledge of the gauged isometrics nor the struc- 
ture of the Kahler potential. However, for the supergravity derivation it is crucial to 
know the definition of the chiral variables and the Kahler potential, as this informa- 
tion enters in the differential equation p.l6|) which encodes the D-term. Therefore the 
fermionic computation is an alternative and more direct way to determine the D-term. 
For the case at hand it confirms the supergravity computation and in addition checks 
the definition of the Kahler potential ()2.13p . 

In a second step we match the terms in ()3.25|) with ()3.49|) and we readily determine the 
fiux induced superpotential. The integral relation ()2.25|) is responsible for the superpo- 
tential to be independent of jB because the two-forms sa are elements of H'^{S^) whereas 
the two-form B are inherited from the bulk. Therefore we arrive at the holomorphic 
superpotential 



W{0 = kI^i.QaC 



Qa = U SAAf . 



(3.51) 



SA 
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This superpotential is determined from ()3.49|) by reading off and integrating OaW. How- 
ever, the fermionic couphngs ()3.25|) tell us that the low energy effective action should 
not only contain the term proportional to d^W but also the term proportional to W, 
which then completes d^W to the Kahler covariant derivative V^W. The couplings 
proportional to Ka W written in the ten-dimensional string frame become 



~% / d'.yr^x-.^^, ^-^^ C.fe W , (3.52) 

This expression brings about two important observations: First of all it involves two 
integrals over the internal D7-brane cycle S*^, namely one integral is hidden in the def- 
inition ()A.11|) of Cab and the other integral appears in the superpotential W as stated 
in ()3.51|) . However, these two integrals can never be generated from the Chern-Simons 
action ()3.2|) . Second, the Dirac-Born-Infeld action ()3.1|) . which captures only open string 
tree- level amplitudes, is weighted with the dilaton factor e~'^ . This is due to the fact 
that open string tree-level amplitudes have Euler characteristic one. The term (j3.52p . 
however, does not contain (in the string frame) a factor of dilaton. Therefore it is not 
obtained by the normal coordinate expansion of the open string tree-level Dirac-Born- 
Infeld action. In principal such a term can be generated at the open string one loop level 
because the cylinder amplitude and the Mobius amplitude with Euler characteristic zero 
is not weighted by a factor of dilaton. 

Before we conclude this section, we want to come back to the computed superpotential 
(j3.51|) . In order to gain further insight we need to review some aspects of the complex 
structure moduli space in the presence of D7-branes as studied in detail in ref. [HI]. 
So far in the analysis we have treated the D7-brane fluctuations C, and the complex 
structure deformations z independently. However, the complex structure of the D7- 
brane cycle S'^ is inherited from the ambient space Y . Therefore only in the limit of 
small brane fluctuations C, and small bulk deformations z these fields are not interlinked. 
In order to generalize the results away from this limit it is necessary to treat the fields C, 
and z in the common moduli space M.j\f=i, which is the moduli space resulting from the 
variation of Hodge structure of the relative cohomology group H^(Y, S^) [SHI El]- This 
cohomology group can be identified with 

HliY, S^) ^ HliY) © Hl{S^) , (3.53) 

where Hl{Y) = keT{H^{Y) ^ H'i{S^)) and where H^_{S^) is defined in eq. (^M>- Now 
the complex structure deformations z are identified with elements of H'^ {Y) whereas the 
D7-brane fluctuations ( expanded into two-forms sa correspond to elements of H'^{S^). 
Both kind of fields combine into the relative cohomology group H^(Y, S^). We underline 
elements of H'^{Y, S^), e.g. 0, and introduce the projection operators P^^^ and P^"^^ onto 
the three-form part and two-form part of ()3.53j) respectively. Now in this generalized 
complex structure moduli space A4j\f=i the D7-brane fluctuations are expanded into 
relative two-forms sa and the superpotential ()3.51|) becomes 

W{C,z) = KlfirQA{z)C^ , QA{z)=i[ P(%A/. (3.54) 
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Note that the superpotential ()3.54|) in the moduh space M.j\r=i couples not only to the 
D7-brane fluctuations C, but also to the bulk complex structure moduli z because the 
variation of Hodge structure for relative forms tells us that 

d^aSA = k-aSA + VaA ■ (3.55) 

where -P''^'*?7aA|^ £ Hq^'^IS^). Finally let us come back to the F-term fluxes /. In 
terms of the complex structure for a generic cycle these fluxes split into a (2, 0) and 
(0,2) part and into a (1,1) part.^^ The (0,2) fluxes couple already in the superpoten- 
tial ()3.5H) to the D7-brane fluctuations ( because the sa are (2, 0)-forms. However, (1, 1) 
fluxes do not enter in the expression ()3.5ip but only in the J^^f=i superpotential ()3.54|) 
where these fluxes couple in first order to the complex structure moduli z. 

Thus we see that in general the fluxes / contribute to the D-term ()3.50p and in 
addition enter the superpotential (j3.54p . This property of D7-brane fluxes has already 
been observed in ref. [21] in the context of F-theory compactifications on K3 x K3, where 
it is shown that background fluxes correspond to both D- and F-terms in the scalar 
potential after truncating to an effective Af = 1 theory. In the corresponding orientifold 
limit to T^/Z2 x K3 with D7-branes [HZl some of these fluxes become D7-brane fluxes 
which exhibit also this property 



3.6 Superpotential from holomorphic Chern-Simons action 

In this section we want to describe how the superpotential ()3.54|1 can also be derived from 
the topological B-model [HH]- Topological string theories can be obtained by twisting 
the two-dimensional A/" = (2, 2) non-linear sigma model of the worldsheet. This twist 
transforms two linear combination of sigma model supercharges into BRST operators 
of the resulting topological theory. There are two inequivalent twists namely the A- 
and B-twist. In our case the B-model is relevant because it allows us to describe D- 
branes wrapping holomorphic cycles. This is due to the fact that D-branes wrapping 
holomorphic cycles preserve the linear combination of supercharges which become BRST 
operators in the B-model [6Ql. 

In ref. [351 it is shown that the topological open string disk partition function in the 
presence of D-branes wrapping the entire internal Calabi-Yau manifold Y is given by 
the holomorphic Chern-Simons action 

Wy = j n Mi (^A^^A+'^A^A^A^ , (3.56) 

where A is the gauge field of the U (N) gauge theory of the D-branes. On the other hand 
the open string disk partition function is the superpotential in the low energy effective 
action of the physical string theory 70j. Thus in order to obtain the superpotential for 
the D7-brane the holomorphic Chern-Simons action (j3.56p for the six-cycle Y must be 
dimensionally reduced to the holomorphic four cycle S^. This is achieved by saturating 
the normal components of the integrand ()3.56p with the D7-brane fluctuations which 

i^The (1, l)-part in H^{S^) should not be confused with the (1, l)-fiuxes of ^Hl{S^). 



28 



are sections in the normal bundle of I^HEHll^lI, i-e 

WsA = l [ VtijkC djAj dz^ A dz^ A dz' A dz^ . (3.57) 
2 Js^ 

Note that for a single D7-brane the non-Abelian second term of (I3.56|) vanishes. The 
obtained superpotential ()3.57p can be further simplified because IfijjfcCd-z-' Ad^;'^ = saC"^ 
[51] . and djAjdz'' Adz^ is just the (0, 2) part of the background flux /. Therefore eq. ()3.57p 
simplifies with (I2.25p to 

WsA ~ QaC^ , (3.58) 

in agreement with ()3.5H) . 

Finally let us consider a (small) complex structure deformation z"", which modifies the 
definition of the holomorphic three- form Q, that is to say the deformed holomorphic three- 
form differs to lowest order from the undeformed three-from by the (2, l)-form iz°'Xa, 
which can be seen from the Kodaira formula 9^af2 = + ixd Thus also including 
small complex structure deformations z the reduction of the holomorphic Chern-Simons 
action ()3.56p leads to 

WsA = l [ [ (1 + z^k-a) n.jkC drAj + iz^Xa iflC djAk] dz^ A dz'^ A d/ A dz^ . (3.59) 

2 JsA 

The contractions of the three-forms Vt and Xa with the holomorphic normal bundle sec- 
tion Q generates a two-form in H'^[S^)}^ Furthermore comparing for small deforma- 
tions z*^ with ()3.55p we identify the resulting two-form with the projected relative two- 
form P*^^) ((1 -|- kaZ"')sA + z°'VaA) ■ Therefore we arrive for the superpotential ()3.59p 
at 

WsA ~ QAiz)C^ , (3.60) 

where we have again applied the integral relation ()2.25j) because P^'^^sa is an element 
of H^{S^) and therefore there are no couplings to ^f. Note that this superpotential 
obtained from the reduction of the holomorphic Chern-Simons action is in agreement 
with the previous computed superpotential in eq. ()3.54p . 

4 Explicit examples 

In order to gain more insight into the scalar potential let us analyze two instructive 
examples by computing their scalar potentials explicitly. In section 14.11 we discuss a 
model which has just one Kahler modulus, whereas in section 14.21 we choose a setup 
which resembles a toroidal compactification or some orientifolded version thereof. 

4.1 One Kahler modulus 

Our first example features a Calabi-Yau orientifold Y with /i^^ = 1 and with h^_!^ = 0, 
that is to say we have a single harmonic two-form cja. In order to obtain convenient 

-"^^The resulting two-form is not inherited from the Calabi-Yau Y because in the deformed complex 
structure it corresponds to a (2,0)-form which is an element oi Hl{S^). 
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numerical factors we choose the single triple intersection number to be /Caaa = 6. The 
Kahler variables in the theory are given by S, C^, and T^, that is we also keep the 
complex structure deformations fixed. We turn on D7-brane background fluxes such that 
Qa and / are non-zero but vanishes. For this particular model the Kahler potential 
()2.13|) can be stated explicitly in terms of its Kahler variables and becomes^^ 

KiS, Ta, C^) = - log [-tiS -S)+ 2ik1^ijCabC^'C] - 3 log | [Ta + Ta] ■ (4.1) 

Due to the non-vanishing charge Qa the Kahler modulus Ta becomes charged under the 
U{1) of the D7-brane and transforms non-linearly according to ()2.34|) . The corresponding 
D-term scalar potential of eq. ()2.37p reduces for this particular setup to 

where using (|2.45|) we have included the additional charged chiral matter multiplets Xi 
with charge arising from D7-brane intersections as discussed in section|2I21 This form of 
the scalar potential precisely coincides with the potential obtained in ref . [22] • However, 



we should stress that it crucially depends on the existence of a non-vanishing Qa and the 
absence of B which follows from our choice hh^ = 0. 

As already discussed in ref. [S2] the minimum of Vd depends on the properties of 
other couplings of Xj and also on possible non-perturbative corrections. If the vacuum 
expectation value of the Xi is not fixed by additional F-term couplings , Vd = can be 
obtained by adjusting {Xi). If, on the other hand, F-terms impose (Xi) = a vanishing 
D-term potential only occurs for T\+T\ oo resulting in a run-away behavior. However, 
as discussed in fI7\ EHl l2Hj the Kahler modulus T\ can be stabilized by non-perturbative 
effects such as Euclidean-D3-brane instantons and/or gaugino condensation on a stack of 
D7-branes. In this case the D-term spontaneously breaks supersymmetry and can indeed 
provides for a mechanism to uplift an Anti-deSitter vacuum to a metastable deSitter 
minimum along the lines of ref. |27j . 

Now we turn to the discussion of the F-term scalar potential, which is computed by 
inserting (lOl and (nTMll into (EZH), i.e. 

T/ _ 36 2„ ^CB^) ^ _ 1 + l^lfJ'je'^'GAB C^C^ /.ON 

l/p - yK4/^7<J- QcQd 77^ , rf. N3 • 14. dj 

+ -LA) 

Here we have defined the metric = iCj^^ and its inverse G^^. As one can easily see 
the effect of the F-term scalar potential is twofold. On the one hand it also exhibits a 
runaway behavior but on the other hand once the Kahler modulus Ta is stabilized the 
fluxes / render some of the fluctuations massive and hence stabilize these D7-brane 
fields. 



4.2 Three Kahler moduU 

In a second example we consider a Calabi-Yau orientifold with the Hodge numbers h]^^ = 
3 and h]l^ = 0, namely with three positive harmonic two-forms cua, cui and 002- Moreover 

^^We do not have an explicit Calabi-Yau orientifold with all these required properties. However, this 
example is instructive because it reveals many features of the generic case discussed in the previous 
chapters. 
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up to permutations the only non- vanishing intersection number is K,\i2 = 1. The D7- 
brane field content is given by two Wilson line multiplets ai and 02 and one D7-brane 
matter multiplet C,. Furthermore the non-zero D7-brane couplings are chosen to be 
iC\^ = zC|^ = iC = 1. Note that this field content and the specified intersection numbers 
resembles the structure of a (orientifolded) six-torus as discussed in refs. The 
non- vanishing fiux charges are Qi, Q2 and / but we keep Qj = 0. Then the Kahler 
potential ()2.13|) in terms of the Kahler variables 5", Ta, Ti, T2, Oi, 02 and ( becomes 

K{S, T, a,C) = - log [-1(3 -S)- 2Klfi-ra] - log | [Tj, + fj,] (4.4) 
- log I [Ti + Ti - Gnlfiyfaiai] - log | [T2 + T2 - QKlfijfa2a2] ■ 

Then analogously to the computation in section 14.11 the scalar potential for this setup 
becomes 

^ 274fir f Qi ^ Q2 

2(Ta + Ta) \T2 + T2 - Qnl^-jPa2a2 Ti + Ti - Qnl^-jPaiai 

whereas the F-term scalar potential computed with (j2.11|) and (j3.51|) reads 

23(Ta + Ta)(Ti + fi - 6KlfijPaia,){T2 + f 2 - 6^ilfirPa2a2) \ Js^ ^ 

(4.6) 

Note that qualitatively this example exhibits similar features as the case studied in the 
previous section, namely the D- and F-term potentials drive the theory to some decom- 
pactification limit and in addition the F-term renders the D7-brane field ( massive. 




5 Conclusions 

In this paper we discussed a space-time filling D7-brane in Calabi-Yau orientifolds with 
non-trivial background fiuxes for the U{1) gauge theory localized on the D7-brane world- 
volume. We found that these fiuxes induce D- and F-terms in the four-dimensional effec- 
tive J\f = 1 supergravity description. As it is difficult to obtain the scalar potential terms 
from the Kaluza-Klein reduction of the bosonic Dirac-Born-Infeld and Chern-Simons ac- 
tion of the D7-brane we concentrated on particular fermionic terms which allowed us to 
reliably determine the D- and F-terms. We found that both can be expressed generically 
in terms of worldvolume integrals containing the background fluxes. Furthermore the 
computed D-term is in agreement with the supergravity analysis which uses the Killing 
vector of the gauged isometry to infer the D-term. We also showed that the F-term can 
be obtained by a dimensional reduction of the holomorphic Chern-Simons action. 

The D7-brane fluxes naturally split into a contribution ^ which can be expanded 
into two-forms inherited from the ambient Calabi-Yau space and into two-forms / which 
are intrinsic harmonic forms on the wrapped D7-brane cycle. The fluxes ^ have the 
effect of redeflning some chiral variables and thereby adjusting the D-term, which is 
already present without turning on D7-brane fluxes. In the minimized scalar potential 
this modiflcation amounts to a shift in the vacuum expectation values of the 6° flelds. The 
effect of / is more divers in that they can contribute to both F- and D-terms. Whenever 
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the worldvolume integrals Qa defined in fl3.51|) are non-zero a linear superpotential for 
the D7-brane matter fields arises generating mass-like terms. The fluxes / also contribute 
to the D-term whenever the worldvolume integrals Qa defined in (I2.32j) do not vanish. 
In this case the Kahler moduli become charged under the U{1) gauge symmetry. A 
special role is played by a non-vanishing Q\ defined in fl2.39|) when extra charged chiral 
matter fields appear at the intersection of the D7-brane with its orientifold image. This 
renders the U{1) anomalous and results in a further correction to the D-term. However, 
non-vanishing Q\ appears to be a geometrical condition which is not easily satisfied. 

In ref. jS21 D7-brane background fluxes have been suggested as a source for a positive 
cosmological constant. Our analysis confirms this proposal but only for a very specific 
type of D7-brane fluxes and a very special class of Calabi-Yau orientifolds. However, 
a more detailed analysis is necessary to show the existence of a metastable minimum. 
Certainly the Kahler potentials of these simple models are further corrected by taking 
into account the combined complex structure and D7-brane moduli space |38| iMj and 
by including the back-reaction of D7-branes to geometry. These aspects were beyond 
the scope of this work and they deserve further study. Maybe these questions are best 
addressed by studying F-theory compactifications on Calabi-Yau fourfolds along the lines 
of refs. 



Appendix 

A J\f = 1 low energy effective action 
A.l Effective action without D7-brane fluxes 

The bosonic part of the low energy effective action resulting from type IIB string theory 
compactified on the Calabi-Yau orientifold Y in the presence of a space-time filling D7- 
brane is obtained form a Kaluza-Klein reduction. The starting point of the reduction 
is the ten-dimensional type IIB supergravity action for the bulk fields, whereas the D7- 
brane fields are deduced from the eight-dimensional Dirac-Born-Infeld and Chern-Simons 
worldvolume action. The Dirac-Born-Infeld action of a single D7-brane is given in the 
string frame by 

'^^Bi = -/"7 [ e^V-det {^*{g,o + B),, - iF^b) , i = 2W , (A.l) 
Jw 

and its Chern-Simons action reads 

5cs = /X7 / 5^^*(C(^))e^^--*^. (A.2) 

Here the constant /iy is the tension of the D7-brane and due to the BPS-condition it is 
also its RR-charge. 



32 



The Kaluza-Klein reduction to four- dimensions is presented in detail in ref. |34j and 
the result of this analysis reads 



R + '^Q-n-Az" A *4d# + 2G'««dt;" A *idv 



'ab 



+ -d(ln;C) A *4d(ln/C) + -d0 A *4d0 + 2e*G^bd6" A *4d6'' 

--24 

+ 2iKl^l^CAB {e'^ + 4G',fe6'^6') dC"^ A *4dC^ + —Klii^eiC'Jv^Aai A *4daj 



+ — (dZ + «:^/ir£^ij (dCV - dC'^C^) ) A *4 (d/ + /t^/XT/:^^ (dC^C^ - dC^C^ 



*4 f Vc" - /d6^ - Klii,h'Cj,s f dC^C^ - dC^C^' 



+2K4/i7£^C" (a/da J - ajda/) ) A 



+2Klfj,ri'^C^^'^ (a/daj — ajdaj) j 

+ (pa - /CAafeC"6^ + i/CAafe&'^&'O ^ ^ ^ 

+^(ImA^)^^dF" A *AdV^ + i(ReA^)^^d\/" A dV^ 
K4 is now the four-dimensional gravitational coupling constant and 



^ap-f — / A UJp A 00^ 

'y 



(A.3) 



/Cafe7 = / tUa A Cx;fo A tU^ 



(A.4) 



are the non-vanishing triple intersection numbers of the Calabi-Yau manifold Y. Addi- 
tionally we abbreviate contractions of these intersection numbers with the fields and 
obtain with ()2.6p the non-vanishing combinations 



J A J A J = ICnn^v^^v^v"' , )Cn = I LUn A J A J = ICap-yV^v'^ 



'y 



Y 



(A.5) 



K^ab= I UJaAuJbA J = ICabfV"' . 



Note that JC is proportional to the volume of the internal Calabi-Yau manifold Y, i.e. 

(A.6) 
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vol(F) = I . 



In the action ()A.3|) there appear also various metrics. On the space of harmonic 
two-forms one defines the metrics [711 ITTj 



3 f 



3 / 3 fCiyfCp 



2 V /C 2 K? 

(A.7) 

^ 3 /" 3 /Cafe 



which is just the usual metric for the space of Kahler deformations split into odd and 
even part with respect to the involution a. The inverse metrics of ()A.7|) are denoted by 
G"'^ and C^*. Similarly, for the complex structure deformations 2;" one defines the special 
Kahler metric jl7j 

G,i = ^^^Kcsizrz), Kcs{z,z) = -ln(^-^J^nAn^ , (A.8) 

which is the metric on the complex structure moduli space of the Calabi-Yau manifold Y 
restricted to the complex structure deformations compatible with the holomorphic invo- 
lution a pp. 

The gauge kinetic matrix for the bulk vector fields V"' is given by [72] 

M = AC-^+iC-^, (A.9) 
where the matrices A and C are specified by the integrals 

Af = -J^P''A , C^P = - j^(3^A ^.pi' . (A. 10) 

Finally the quantities and C^"^ are related to the D7-brane fields and the D7-brane 
Wilson line moduli aj respectively and are given in terms of integrals over the internal 
cycle 

Cab = , = / A A^ A A^' . (A.ll) 



Note that this action (also without all the terms resulting from the D7-brane) has a 
set of global shift symmetries 

c-^c^ + e^ Pa ^ Pa + iCabcB'e' . (A. 12) 

In the presence of a D7-brane wrapped on the cycle 5*^ one of these symmetries is gauged, 
and therefore the action ()A.3|) contains covariant derivatives for the charged fields and 
Pa- These fields transform non-linearly with respect to the U{1) gauge group of the D7- 
brane and their gauge covariant derivatives are given by 

V^c" = d^c'' - Anlprid'^pA^ , V^p, = d^pa - AnlpyiJCabpb'A^ . (A. 13) 
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A. 2 Effective action with D7-brane fluxes 

In the presence of D7-brane background fluxes the low energy effective action ()A.3|) is 
modified by the fluxes ^ and /. By performing the Kaluza-Klein reduction explicitly 
one obtains with B"" = h"' — C^f"" and Qj = i"^ J / A/ the low energy effective action 



Sf = ^ [ \-R + 2^-^d2" A *4d# + 2G«^dt;° A *4dt;^ 
2/^4 J L 

+ ^d(ln/C) A *4d(ln/C) + ^d0 A *id(f) + 2e'^G„fed6" A *4d&^ 

/ fi^.A \ --24 

+ 2ik1^i^Cab [e'^ + ^GabB'^B'' - ^Q/J dC^ A *4dC'' + —nlfXjeiC'J v'^dai A *4da 

+ ^ (d/ + K^/.7/:^B (dC-'c'^ - dC^C^)) A *4 (d/ + ^\^^,CAB (dC^C'^ - dC^C^ 
+ 2e*G,fe (Vc*^ - /d6'^ - kI^.^B'^Cab (dC^C^ - dC^C^)) A 

*4 (Vc'' - /d6^ - Kl^^,B'CAs (dC^C^ - dC^C^)) 
+ ^G^^ (Vp« - /C„6,cM6^ - [iC^bcB'B' + 5^g/) Cab (dC^C^ - dC^C^ 

+2K\^Tf'ClJ (fl/daj — ajda/) j A 
*4 {Vpp - ICpabC^dh' - \Klii^ {KpbcB'B' + 5^Q^) Cab (dC^C^ - dC^C^ 
+2Klfiji'^Cy (fl/daj — ajdaj] 
+ Kline (i/CA - \e-'^K^abB''B' - \e-'t'Qj) F A ^4^ 

+ ^firf {pa - ICAabC'^B'' + \lCKabB^BH + |/Q;) F^F 

+\{\mM)^^dV^ A *4dV'^ + \{ReM)^pd. 
with the gauge covariant derivatives given by 



(A.14) 



where Qa = £ / A 

B Spin representations and conventions 

This appendix summarizes the conventions used in this paper. Throughout the paper 

pseudo Euclidean metrics have the signature ( h + ...). We use the letters of the 

beginning of the alphabet to denote the 'flat' Lorentz frame indices whereas the letters 



(A.15) 
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in the middle of the alphabet are used for the 'curved' coordinate indices. The sign of 
the epsilon symbol e for the Lorentz frames is given by 

eou... = l' , e--=+l, (B.l) 

1—1 Pseudo Euclidean 

whereas the epsilon symbol e for the 'curved' coordinates is given by 

6012... = det(7, e''^- = l, (B.2) 

where g is the metric of the Euchdean or pseudo Euclidean space. Note that detg is 
negative in the pseudo Euclidean case. 



B.l Spin representations and Dirac gamma matrices 

The ten-dimensional 32 x 32 Dirac gamma matrices fulfill the usual Clifford algebra 

{r^, r^} = 277^^ , A,B = 0,...,9, (B.3) 

where rj^^ = diag (— 1, +1, . . . , +1) is the metric tensor of ten-dimensional Minkowski 
space invariant under the Lorentz group 50(9, 1). Furthermore the ten-dimensional 
chirality matrix F is defined as 

F = F° . . . F^ = eAo...A,T^' . . . (B.4) 

and which fulfills 

F2 = 1, {F^,F} = 0. (B.5) 

The ten-dimensional Dirac spinor 32 decomposes into two Weyl representations 16 and 
16' of S0{9, 1) with opposite chirality, i.e. 16 is in the -|-l-eigenspace with respect to 
the chirality matrix ()B.4|) whereas 16' is the — 1-eigenspace. 

In the context of compactifying the ten-dimensional space-time manifold to four di- 
mensions, the Weyl spinors of 5*0(9,1) must be decomposed into representations of 
50(3,1) X 50(6) 

16 ^ (2, 4) © (2, 4) , 16' ^ (2, 4) © (2, 4) , (B.6) 

where 2 and 2 are the two Weyl spinors of 50(3, 1) and 4 and 4 are the two Weyl spinors 
of 50(6). In both cases these representations are complex conjugate to each other. 

The ten-dimensional Dirac gamma matrices ()B.3|) can be given in terms of tensor 
products of gamma matrices 7" and 7" of the Clifford algebras associated to the groups 
50(3, 1) and 50(6) respectively, namely 

F" = 7"®1, a = 0,...3, F'^ = 7®7'^, a=l,...,6, (B.7) 

with {7°, 7^} = 2ri°'^ and {7^,7^} = 25"'' and where the chirality matrices are defined as 

7 = ie.o...«3r° • • • r^ 7 = ^e,....a,r' • ■ • ■ (b.s) 
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Then it is easy to check that ()B.7|) leads to 

{r", r^} = 2r]'"^ , {^^ r''} = 25"'' , (b.q) 

and the ten-dimensional chirality matrix ()B.4|) becomes 

r = 7^(g)7. (B.IO) 

In the analysis of the fermions arising from the space-time filling D7-branes one 
considers the decomposition of the ten-dimensional Weyl representations of the Lorentz 
group S0{9,1) into representations of the subgroup S0{3,1) x S'0(4) x S0{2). This 
yields 

16 ^ (2, 2, 1) © (2, 2', i) © (2, 2, 1) © (2, 2', 1) , 

- - (B.ll) 
16' ^ (2, 2, 1) © (2, 2', 1) © (2, 2, 1) © (2, 2', 1) , 

with the two Weyl spinors 2 and 2' of 5*0(4) and 1 and 1 of 5*0(2). Note that the two 
Weyl spinors of 5*0(2) are again related by complex conjugation. 

Similar as before the ten-dimensional Dirac gamma matrices ()B.3|) can be written as 
a tensor product of the Dirac gamma matrices 7° of 50(3, 1), 7" of 50(4) and 7" of 
50(2) 

r° = 7°®l©l , a = 0,...,3 , 

r" = 7©7"©l, a = l,...,4, (B.12) 

r" = 7©l©7", a = 1,2, 

with {7", 7^} = 26"'' and {7^,7^} = 26^~K The chirality matrices 7 of ^0(4) and 7 of 
5*0(2) are given by 

7 = ~ea....a,r' . • - 7"% 7 = —e^iTl' . (B.13) 

As before one checks that the definition ()B.12|) gives rise to the desired anti-commutation 
relation 

{r", r^} = 2r]'^^ , {r , r^} = 25"^ , {r^ r^} = 26^'' , 

(B.14) 

{r", r^} = , {r", r^} = , {r^ r''} = , 

and that the ten-dimensional chirality matrix ()B.4|) is given in terms of the lower dimen- 
sional chirality matrices ()B.8|) and ()B.13|) . i.e. 

r = 7©7©7. (B.15) 
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